We formulate a quantum theory of the Universe based on Bayesian probability. In this theory, the probability of the Universe is not a frequency probability, which can be obtained by observing experimental results several times, but is a Bayesian probability, which can define a probability of an event that occurs just once. As an example, by applying the quantum theory of the Universe to an action of a scalar field theory in the four dimensions as a toy model for the theory of the Universe, we explicitly obtain the probability of the Universe and the action of matters in the Universe.
Introduction
The quantum theory of matters is defined by a path integral Dφe −S [φ] with an action S[φ], which represents the total probability of a canonical distribution e −S [φ] . That is, the theory is defined by a standard framework of probability theory, so called frequency probability, which is defined based on populations, because experiments on matters can be made several times in laboratory systems. On the other hand, the time evolution of the Universe cannot repeat or cannot be made experiments on. Thus, we cannot define a quantum theory of the Universe by using frequency probability. Therefore, we propose to define a quantum theory of the Universe based on Bayesian probability, 1 which can give a probability of an event that occurs just once.
2
Bayes' theorem states that p(φ|φ) = p(φ|φ)p(φ)/Z, where Z = dφp(φ|φ)p(φ). p(x)
is a probability that an event x occurs, and p(x|y) is a conditional probability that an event x occurs under the condition that an event y occurs. Bayes' theorem can be proven easily in the framework of the frequency probability as follows. In this framework, all , where p(x, y)
is a probability that events x and y occur. Actually, by using this, we can prove it as = p(φ|φ)p(φ)/Z. On the other hand, in the framework of Bayesian probability, the definitions are different: so-called posterior distribution p(φ|φ), which is an analogue of the conditional probability p(φ|φ) in the frequency probability, is defined by the right-hand side of p(φ|φ) := p(φ|φ)p(φ)/Z, where p(φ) and p(φ|φ) are called prior distribution and statistical model, 3 respectively, defined without a population. That is, the posterior distribution p(φ|φ) is defined even if a population is not defined or we cannot observe the conditional probability that the eventφ occurs under the condition that the eventφ occurs.
A summary of the application of the Bayesian probability to the Universe is as follows.
φ is a background that represents an Universe, whereasφ is a fluctuation that represents matters. For example, in a theory of gravity,φ represents a space-time itself and a vacuum expectation value of matters, whereasφ represents a graviton and matters. An action of a theory of the Universe gives a statistical model p(φ|φ) representing a probability thatφ aroundφ occurs. The posterior probability represents a probability of the Universe when fluctuations occur. This is defined although it cannot be observed directly. In section 2, we apply the Bayesian probability to the Universe precisely and formulate a quantum theory of the Universe. In section 3, we explicitly obtain the probability of the Universe and the action of matters in the Universe in the case that we treat an action of a scalar field theory in the four dimensions as a toy model of a theory of the Universe.
Formalism
A prior distribution is given in general as p( A probability of the Universe is not the prior distribution itself but is obtained from the posterior distribution. Moreover, we will see that the probability of the Universe does not depend on the prior distribution later. After all, we can set the prior distribution 1 (
By the quantum theory of matters, a probability of a correlation of N points f i (φ) (i = 1, · · · , N) in an experiment in a backgroundφ is given by 
Next, we generalize the statistical model to a model that has multiple fluctuations. In another experiment, a probability of a correlation of
Then, a probability that we have correlation of N ′ points in an experiment and a correlation of N ′ points in another experiment is given by the product In the same way, we define a statistical model where N independent fluctuations around a fixed background occur as p(
A posterior distribution that a Universeφ occurs under the condition that independent
3)
. We are going to obtain a probability of the Universe by taking large N expansion of the posterior distribution. Mattersφ 1 , · · · ,φ N are subject to the same probability, called true
, where matters occur in the Universe. That is, S t [φ] is the action of matters in the Universe. The normalization is given by Dφe −St[φ] = 1. True probability will be determined at last.
We define an effective action as
We nameφ that gives the
In order to take large N expansion of the posterior distribution, we define a deformed action whose effective action has minimum value 0, as
. In addition, the posterior distribution defined by the deformed action coincides with that defined by the original action:
, where
Because the expectation value of 
We also have
We abbreviate η(φ|φ 1 , · · · ,φ N ) to η(φ) in the following. The partition function can be written
We divide the partition function to the main part
(2.11) and the remaining part
where we have used the inequality of additive geometric mean,
We evaluate the main part. In the following, we treat only the case thatφ 0 is unique and
is regular, namely its eigenvalues are all positive. In the general case, we are working on evaluating the main part in progress [4] . From (2.5), (2.6), (2.10), and the mean value theorem, there existφ
where ξ m (φ) := ∂ ∂φm η(φ). Because the integration region of the main part is
and (2.14), we haveφ
Thus, the integrand of the main part is given by
which is Gaussian with a dispersion
mn , where J 
and then,
(2.23)
Thus, large N expansion of the posterior distribution, namely the probability of the Universe is given by
We obtain the expectation value of the statistical model of matters in a Universe p(φ|φ) =
(φm−φ 0m ) (1 + o(1)), with respect to the probability of the Universe (2.24), In order to obtain a finite and non-trivial N → ∞ limit of the large N expansion of p N (φ; ξ) (2.26), we take a double scaling limit J m → 0 with J We make λ n approach to λ * n canonically as . Therefore, we obtain a finite and non-trivial limit,
where * represents that λ = λ * is substituted.
The random valuables S n [φ,φ i ] are not singular in λ → λ * , because S n [φ,φ i ] do not depend on J mn . Thus, the central limit theorem states that η(φ|φ 1 , · · · ,φ N ) converges to a Gaussian process in the double scaling limit by definition of (2.8). In the same way, its differ-
η(φ|φ 1 , · · · ,φ N ) also converges to a Gaussian process in this limit. Its expectation value is given by E * (φ) := lim
0, whereas its correlation function is given by
Its dispersion is given by σ * mn (φ) := σ * mn (φ,φ) and especially, atφ =φ 0 ,
, that is, the probability is given by p ξ * (ξ
The expectation value with respect to this probability is given by
This is identified with the true probability 4 q(φ): q(φ) = p * (φ) 5 . q(φ) is determined by solving this equation because (2.33) is a functional of q(φ).
Example
In this section, by treating the action of an Euclidean scalar field theory in the four di-
) as a toy model of the action of the theory of the Universe, we explicitly obtain the probability of the Universe and the true probability. In the following, we assume thatφ andφ 0 are constant and the fluctuations are up to the fourth order.
The action is expanded as
. The true probability is generally written as q(φ) = e −St [φ] , where 
In practical Bayesian statistics, the right-hand side is nearer left-hand side in a better statistical model. In a quantum theory of the Universe, the right-hand side should equal the left-hand side and the equation should be treated to determine the true probability, because the statistical model is obtained from the action of a theory of the Universe, that is, the model must be the best.
we evaluate path-integrals up to one-loop by using MS scheme 6 . We have log Z(φ) =
)). The effective action is given by
The equation q(φ) = p * (φ), which determines q(φ), is given up to the fourth order by where * represents that λ * determined by (2.27) with (3.3) is substituted to λ inφ 0 , σ, V and its derivatives. These equations determine a 1 , a 2 , a 3 and a 4 .
We solve explicitly in case of V (φ) = .
Conclusion and Discussion
In this paper, we formulated a quantum theory of the Universe based on Bayesian probability.
In this theory, the probability of the Universe is not a frequency probability, which can be obtained by observing experimental results several times, but is a Bayesian probability, which can define a probability of an event that occurs just once. As an example, by applying the quantum theory of the Universe to an action of a scalar field theory in the four dimensions as a toy model for the theory of the Universe, we explicitly obtained the probability of the Universe and the action of matters in the Universe.
As an application, we will study to what extent the Universe is reproduced by applying the quantum theory of the Universe to the action of the Einstein gravity coupled with matters in the standard model, although it is not UV complete. Furthermore, it is necessary to apply the quantum theory of the Universe to the actions of candidates for the UV complete theory, such as matrix models, string field theories, loop quantum gravities, and string geometry theories 7 to investigate the origin of the Universe.
